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Abstract—The paper addresses synthesis aspects of ran-
domized modulation. While this switching technique at-
tracted considerable interest of power electronic engineers
over the last ﬁfteen years, a large majority of references ad-
dresses the analysis aspect of randomization - given a ran-
domization procedure the task is to quantify its effects on
the power spectrum. This paper addresses the dual prob-
lem in which an objectivefunction for the power spectrum is
speciﬁed ﬁrst, and then the task is to select the best random-
ization scheme from a given family. The synthesis problem
is difﬁcult because spectralformulas arenonlinearand quite
involved. We concentrate on randomized PWM for DC/DC
converters, and introduce analytical and optimization tools
that lead to a novel representationof tradeoffsinvolved. The
paper points out fundamental limitations in achieving to-
tal spectrum reduction over wide frequency bands, presents
numerical results for various duty ratios, and develops a
heuristic that well approximates the feasible operating re-
gion for all values of the duty ratio.
I. INTRODUCTION
This paper addresses synthesis aspects of randomized
modulation. This switching technique attracted consider-
able interest of power electronic engineers, and numerous
implementations have been reported over the last ﬁfteen
years (for a recent review see [1]). A large majority of
references addresses the analysis aspect of randomization,
as authors ﬁrst select a randomization procedure and then
quantify its effects on power spectrum through spectral
calculations, simulations or implementation. This paper
addresses the dual problem in which an objective function
for the power spectrum is speciﬁed ﬁrst, and then the de-
signer’s task is to select the best randomization scheme
from a given family. The synthesis problem is difﬁcult be-
cause spectral formulas are nonlinear and quite involved,
and the effects of design parameters (typically including a
probability density function) on the performance are hard
to trace. Results to date [2], [3], [4] have been based on
direct optimization, in which various parametrizations of
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candidate functions are suggested to make the problem nu-
merically tractable. In this paper we study the underlying
optimization in more detail, and show that even in sim-
ple cases the resulting objective function may have shal-
low local optima. Our results provide analytical basis for
the remark often made by practitioners that randomization
produces spectral changes that are local in nature, i.e., the
total (continuous plus discrete) spectrum over a frequency
band that is of the order of the switching frequency (or
wider) is not substantially affected by randomization.
While the main performance objective of power elec-
tronic converters is efﬁcient energy conversion, these sys-
tems have also to satisfy a variety of constraints related to
their environmental effects, such as electromagnetic inter-
ference (EMI), utility interface (conducted low-frequency
emissions), and acoustics and vibrations in motor drive ap-
plications. The allowable harmonic content of some of
converter waveforms is often constrained, and a signiﬁcant
part of a power converter’s volume and weight can thus be
taken by an input or output ﬁlter.
Desirable properties of power spectra are dependent
on the particular application. Requirements of particu-
lar interest in practice are the following: 1) Minimiza-
tion of one or multiple, possibly weighted, discrete har-
monics. This criterion corresponds to cases where the
narrow–band characteristics corresponding to discrete har-
monics are particularly harmful, as for example in narrow–
band interference in communication systems or in acous-
tic noise; 2) Minimization of signal power (integral of the
power spectrum) in a frequency segment that is of the or-
der of an integral multiple of the switching frequency. This
criterion corresponds to wide–band constraints in military
speciﬁcations, and it could be of interest for EMI prob-
lems. A typical narrow–band optimization criterion is
a weighted sum of discrete harmonic intensities between
two harmonic indices. A reasonable wide–band optimiza-
tion criterion, used for illustration in [2], [3], corresponds
to the minimization of the signal power in the frequency
segment
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿, where the average switching
frequency is
￿
￿.
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ing, randomized modulation has a potential to reduce (or
even completely eliminate) the discrete spectrum in wave-
forms of interest. For example, randomized pulse posi-
tion modulation (PPM) completely eliminates the discrete
spectrum in [2]. However, it was observed in many imple-
mentations that reduction of the discrete spectrum usually
resulted in an increase of the continuous spectrum. In fact,
we show in this paper that the total energy (i.e., the inte-
gral of total spectrum from zero to inﬁnity) is an invariant
equal to the duty ratio
￿, and is unaffected by random-
ization. Improvement can be achieved when the frequency
range of interest is limited to a band such as
￿
￿
￿
￿
￿
￿
￿ for
some ﬁnite
￿. However, the level of improvement is very
dependent on the speciﬁc randomization scheme. Thus, to
get reliable results the designer needs to combine analyt-
ical and optimization tools, since a straightforward opti-
mization approach like the one used in [2] may get stuck
in one of the multiple shallow local minima. On the other
hand, the cost function depends on a large number of de-
sign parameters, so intuitive design may prove difﬁcult.
Depending on the nature of the equipment “downstream”
from the energy source, the consequences of randomiza-
tion can vary. In general, the impact of randomization
is likely to be positive for systems that are susceptible to
narrow-band interference, like digital circuits, communi-
cation systems and rotating machinery. While many types
of communication systems are quite sensitive to narrow-
band interference [5], the actual performance is very much
dependent on the particular communication method. For
illustration, consider the class of direct-sequence spread
spectrum schemes, which is a method of increasing im-
portance in multiple–access communication systems like
cellular mobile radio. In this case, a severe performance
degradation can be inﬂicted on the system by single- and
multiple-tone jammers [6], [7]. While a number of solu-
tions is available in this case (like adaptive ﬁltering [6],
censoring in the frequency domain [8], and chaos-based
techniques [9]), a randomization procedure in the power
stage can mitigate some of these problems. In fact, a
simple randomized switching scheme consisting only of
pulses of zero and of unit length (with appropriate proba-
bilities, denoted as “full period switching” and described
in Sec. III), completely eliminates the discrete spectrum.
This paper introduces analytical and optimization tools
that allow a novel representation of design tradeoffs in-
volved. It points out fundamental limitations in achieving
total spectrum reduction over wide frequency bands, and
develops a heuristic that wellapproximates thefeasible op-
erating region for intermediate values of the duty ratio.
II. PROBLEM FORMULATION
In this paper we focus on randomized PWM, in which
the pulse width is selected randomly at each switching
instant. The probability distribution of the pulse width
is selected so that correct average duty ratio is obtained.
Closed form expressions for the discrete (
￿
￿) and con-
tinuous (
￿
￿
￿
￿) spectrum of various randomized switching
waveforms
￿
￿
￿
￿ can, for example, be found in [1], and al-
ways
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all cycles of the same duration
￿ ) the spectral components
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where
￿
￿
￿
￿ denotes the expectation operator taken over all
admissible pulse shapes, and
￿
￿
￿
￿ is the Fourier transform
of the pulse shape. As an illustration, we consider the case
of equally probable pulses of lengths
￿
￿
￿
￿ and
￿
￿
￿
￿. Then
the formula (1a) yields the power spectrum shown in Fig. 1
for positive frequencies. The nominal (deterministic) case
with the duty ratio
￿
￿
￿
￿
￿ has only odd harmonics of
magnitude
￿/
 
!
"
#
$, so the ﬁrst and third harmonic are ap-
proximately
￿
￿
￿
￿
￿ and
￿
￿
￿
￿
￿, respectively. When we com-
pare the discrete spectrum of randomized PWM shown in
the top plot in Fig. 1 with the nominal, we notice a signiﬁ-
cant reduction in magnitude (from
￿
￿
￿
￿
￿ to
￿
￿
￿
￿
￿).
These expressions allow us to determine the energy of
each spectral component over a speciﬁed frequency range,
say
￿
￿
￿
￿
￿
￿
￿, and to illustrate the tradeoff between the dis-
crete and continuous components as a function of various
design parameters. This is done by describing each partic-
ular randomized switching scheme as a point in the plane
whose axes are the (integrated) continuous and discrete
spectrum, namely,
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Fig. 1. Randomized PWM : Calculated discrete (top) and con-
tinuous spectrum (bottom), period
￿
￿
￿, equally probable
pulses of duration
￿
￿
￿
￿ and
￿
￿
￿
￿.
Note that our spectral formulation includes negative fre-
quencies as well, thus the coefﬁcient
￿ in a one-sided for-
mulation. Also note that the DC component is excluded
from
%
+
.
Given a duty ratio
￿, it can be shown that for
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￿
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waveforms and associated probabilities. Thus, when
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large (our numerical results suggest 10 or higher), random-
ization can not help in lowering the total energy
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but at all frequencies.
A benchmark for comparison is the deterministic
scheme, which gives
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Thus, the improvement achieved with a randomized
scheme can be measured in terms of the ratio
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In general, we may want to place a higher cost on either
the discrete or the continuous component of the spectrum,
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Fig. 2. The tradeoff diagram between the continuous and the
discrete spectrum.
which motivates us to introduce the weighted cost
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￿
￿
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By selecting the desired value of the weight parameter
￿
we can control the tradeoff between the two components
%
￿ and
%
+
.
In order to illustrate this tradeoff, we use a tradeoff dia-
gram where the vertical axis is
%
+
and the horizontal axis
is
%
￿ (Fig. 2). Every choice of the design parameters pro-
duces a single point in the
%
￿
￿
%
+
plane. The totality
of all possible randomization schemes deﬁnes the feasi-
ble region in this plane (the area between the two solid
curves). Note that for
￿
￿
￿ the feasible region shrinks
to a single straight line, corresponding to the constraint
%
￿
￿
%
+
￿
￿
￿
￿
￿
￿
￿.
The best schemes are the ones lying on the lower bound-
ary curve of the feasible region. Each point on this bound-
ary curve minimizes the weighted cost
%
￿
￿
￿
￿
￿
%
+
￿
￿
￿
￿
￿
￿
%
￿. In particular, the point on the boundary curve
(intersection of the lower solid line in Fig. 2 with the
dashed line) where
￿
￿
￿/
￿
￿
￿
￿
￿
￿ minimizes the cost
%
for
￿
￿
￿
￿
￿, which is the simple sum of the two spectral com-
ponents. Since the feasible region describes the entire set
of design parameter choices, the boundary curve depends
only on the predetermined parameters
￿
￿
￿
￿
￿ .
The two extremal points on the boundary curve corre-
spond to simple choices of the design parameters. The
case
%
￿
￿
￿
￿
%
+
￿
%
/
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0
+ corresponds to the determinis-
tic scheme, in which there is only one choice for the pulse
width, namely
￿
￿ . Because deterministic switching is pe-
1585riodic, there is no continuous component in the spectrum.
The case
%
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0
￿ corresponds to a “full period
switching” scheme: the pulse width can be only
￿ or
￿ ,
but no other value in between. As a result,
￿
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￿
￿ has only
two values, viz.
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￿
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￿ pulse width
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￿
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In order to achieve the correct duty ratio
￿ the choice of a
full cycle pulse must occur with probability
￿. Therefore
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The discrete spectrum is given by the harmonic amplitudes
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￿
￿
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￿
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A closed form expression for
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￿ can be obtained by
analyzing a two-pulse scheme (see example below). We
get
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However, since the functions
%
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%
+
depend on the design
parameters in a complicated way, ﬁnding a closed form ex-
pression for the boundary curve is complicated. Numerical
optimization is one possibility, but it should be guided by
analysis and intuition. To establish such guidance, we look
at a simple problem next.
III. AN ILLUSTRATIVE EXAMPLE
We consider the case of randomized PWM in which
only two pulse widths are to be speciﬁed, say
￿
1 and
￿
￿. In this case the formulas (1a)-(1b) simplify further, as
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. In order to obtain a given
duty ratio
￿, the pulse widths must satisfy the constraint
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It will be convenient to characterize the design choices in
terms of the pulse duty ratios
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and we assume, without loss of generality, that
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￿
1.
Since
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￿, we can express both probabilities in
terms of
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￿, viz.
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These equations hold so long as
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￿
￿
1. In general
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and we recognize the two special cases mentioned earlier:
￿ When
￿
1
￿
￿, we get
￿
1
￿
￿ and
￿
￿
￿
￿, which
corresponds to a deterministic pulse with width
￿
￿
￿
￿ .
The same is true for
￿
￿
￿
￿, which results in
￿
1
￿
￿ and
￿
￿
￿
￿. Thus both cases correspond to the deterministic
scheme.
￿ When
￿
1
￿
￿ and
￿
￿
￿
￿ we get “full period switch-
ing”, from “fully off” to “fully on” and vice versa. In this
case (6) yields
￿
1
￿
￿
￿
￿ and
￿
￿
￿
￿.
In all other cases the values of
￿
1 and
￿
￿ must satisfy (7),
which means they are limited to the rectangle
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Since the PWM scheme in this example is completely de-
termined by the two design parameters
￿
1 and
￿
￿, it is
possible to perform an exhaustive search, as well as vari-
ous cross sections through the feasible region. In the par-
ticular case of
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿, shown in Fig. 3, the op-
timum (for equally weighted continuous and discrete spec-
trum,
￿
￿
￿
￿
￿) is obtained for
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￿
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￿
￿
￿
￿
￿
￿ (with
￿
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￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿) and it results in an improvement
level
￿/
￿
￿
)
￿
￿
￿
￿
￿
￿
￿
￿. This 30% improvement is larger than
what can be obtained at other duty ratios - for example, at
￿
￿
￿
￿
￿ the improvement factor is only
￿
￿
￿
￿
￿, suggesting
that at high (and low) duty ratios there can be only little
improvement in the reduction of the total spectrum by ran-
domized modulation.
The explicit expressions for
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in this example
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where
￿
1 and
￿
￿ are given by (6). Notice that
￿
%
￿
￿
%
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￿
depend only on
￿
1
￿
￿
￿ and the predetermined parameter
￿ (but not on
￿ ).
One of the major challenges is to characterize the lower
boundary curve of the feasible
￿
%
￿
￿
%
+
￿ region without re-
sorting to exhaustive two-dimensional searching. We have
15860 0.05 0.1 0.15 0.2
0
0.05
0.1
0.15
0.2
J
C
J
D
Fig. 3. The tradeoff diagram between the continuous and the
discrete spectrum. for
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￿
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￿
found that we can approximate the lower boundary curve
by considering three one-dimensional subsets ofthe design
parameters (
￿
1
￿
￿
￿):
￿
￿
￿
￿
￿, and
￿
1 varying in the range
￿
￿
￿
1
￿
￿ : the
corresponding
%
￿
￿
%
+
relation is described by the solid
line in Figs. 3,4.
￿
￿
1
￿
￿, and
￿
￿ varying in the range
￿
￿
￿
￿
￿
￿ : the
corresponding
%
￿
￿
%
+
relation is described by the dotted
line in Figs. 3,4.
￿
￿
1 and
￿
￿ constrained by the linear relation
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￿
￿
￿
￿/
￿
￿
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￿ : the corresponding
%
￿
￿
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+
relation is described
by the dash-dotted line in Figs. 3,4.
The “convex hull” deﬁned by these three curves approxi-
mates the true boundary curve quite well, over the entire
range of duty ratio values (Figs. 3,4, where the true lower
boundary is indicated by the asterisks). In particular, for
duty ratios below
￿
￿
￿ (approximately), only the ﬁrst curve
(i.e., for
￿
￿
￿
￿) is needed (Fig. 3). For higher duty ratios
a combination of two (or even three) of these curves is re-
quired. For instance, for
￿
￿
￿
￿
￿, the lower boundary is
approximated quite wellby using the solid and dash-dotted
curves.
This heuristic also provides a quick assessment of the
improvement that can be achieved by using a two-pulse
randomized modulation scheme. We describe in Fig. 5 the
ratio of total signal power
￿
%
￿
￿
%
+
￿ to the deterministic
benchmark
%
/
￿
0
+ , namely
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Fig. 4. The approximation of the feasible region for
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Fig. 5. Achievable reduction in total signal power (in the fre-
quency range
￿
￿
￿
￿
￿
￿
￿, for
￿
￿
￿
￿
￿
￿) at various duty ratios.
Notice that the most signiﬁcant improvement (a reduc-
tion of almost
￿
￿
￿ is achieved for
￿
￿
￿
￿
￿, and that the
plot in Fig. 5 is almost perfectly symmetric around its mid-
dle point.
IV. CONCLUSIONS
The paper addresses the issue of synthesis of switching
waveforms in DC/DC converters, and introduces analyti-
cal and optimization tools that allow a clear representation
of tradeoffs involved. It points out fundamental limitations
in achieving total spectrum reduction over wide frequency
bands, and develops a heuristic that well approximates the
feasible operating region for intermediate values of the
duty ratio. This heuristic allows the designer to replace
an exhaustive search with a search along three lines in the
parameter space.
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